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ABSTRACT
We investigate the two- and three-point correlation functions of the dyonic magnon and spike,
which correspond to the solitonic string moving in the Poincare AdS and three-dimensional
sphere. We show that the coupling between two dyonic magnons or spikes together with a
marginal scalar operator in the string theory is exactly the same as one obtained by the RG
analysis in the gauge theory.
∗e-mail : baixj87@sogang.ac.kr
†e-mail : bhl@sogang.ac.kr
‡e-mail : cyong21@sogang.ac.kr
Contents
1 Introduction 1
2 Dyonic string on AdS5 × S3 3
3 Dyonic magnon 5
3.1 Two-point correlation function . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
3.2 Three-point correlation function . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
4 Dyonic spike 8
4.1 Two-point correlation function . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
4.2 Three-point correlation function . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
5 Discussion 11
1 Introduction
Recently, there was a big progress in calculating the three-point correlation function of heavy
operators like the magnon and spike with a marginal scalar operator. The information of this
three-point correlation function together with the conformal dimensions of all primary operators
is very important to characterize the conformal field theory (CFT). One of the well-known
examples for interacting CFT is the N = 4 super Yang-Mills (SYM) theory in four-dimensional
space. According to the AdS/CFT correspondence [1] there exists a dual gravity theory having
one-to-one correspondence to the N = 4 SYM theory. This AdS/CFT correspondence provides
new fascinating way to understand the strong coupling region of SYM theory by investigating
the dual classical gravity or string theory. By many authors, the three-point correlation function
of various heavy operators were calculated and showed that the string theory calculations for
the coupling between two heavy operators and one marginal operator exactly coincide with the
results of the gauge theory [2]-[16]. In this paper, our goal is to investigate the correlation
functions of more non-trivial solitonic strings moving in AdS5×S3 and to compare those results
with ones of the gauge theory.
After the integrable structure of the N = 4 SYM was founded [17, 18, 19], there were many
works in which the conformal dimensions of the various heavy operators of the gauge theory
were studied by investigating the dual solitonic string configurations by using the AdS/CFT
correspondence [20]-[31]. Also, such works were extended to the three-dimensional Chern-Simons
theory, so called ABJM model [32]-[48]. In these calculations, the magnon solution in the gauge
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theory was described by a solitonic string solution moving in R×S2, whereR is the time direction
in the global AdS5 and S
2 is a subspace of S5. This dual string configuration corresponding to
the magnon was usually called the giant magnon. Since the rank of the isometry group for S2
is one, the dispersion relation of the giant magnon is described by two conserved quantities, the
energy and the angular momentum
E − J =
√
λ
π
sin
p
2
. (1)
This result corresponds to the magnon’s dispersion relation of the spin chain model in the large
’t Hooft coupling limit. Furthermore, it was shown that there exists another solitonic string
solution, so called spike, whose dispersion relations was also investigated.
This giant magnon solution can be generalized to more complicated one like the solitonic
string moving in R × S3, which was called the dyonic magnon solution. Since the rank of the
isometry group for S3 is two, the dispersion relation of the dyonic magnon can be described by
three conserved charges, one energy and two angular momenta [49, 50]
E − J1 =
√
J22 +
λ
π2
sin2
p
2
. (2)
This is exactly the same as the dispersion relation of the magnon’s bound state in the spin chain
model if we identify the second angular momentum J2 with the number of magnons. Especially,
if we set J2 = 1, it gives the magnon’s dispersion relation calculated in the spin chain model.
Also, we can find the dyonic spike solution by choosing the different parameter region.
Recently, after regarding the string moving in the Poincare AdS5×S5, the dispersion relation
of various string solutions like the spinning string, magnon and spike were investigated in the
semi-classical limit [2]-[16]. Furthermore, the three-point correlation function between two heavy
operators and one marginal operator was also calculated, where heavy operator implies the
magnon or spike. Interestingly, the coupling between these operators, which corresponds to the
structure constant in the three-point correlation function, was also calculated by the RG analysis
in the gauge theory side. In the previous works, it was shown that the string theory calculation
of this coupling is perfectly matched with the result of the RG analysis. In this paper, we will
investigate the correlation functions of the more general solitonic string like the dyonic magnon
or spike in the string theory and check the consistency of the string calculation by comparing
with the gauge theory result.
The rest part is organized as follows. In Sec. 2, we will consider a dyonic string moving in
AdS5×S3 and derive the equations of motion. Using these equations of motion, we will calculate
the two- and three-point correlation functions for the dyonic magnon in Sec. 3 and the dyonic
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spike in Sec. 4. We will also check that the structure constant of the three-point correlation
function coincide with the gauge theory results obtained by the RG analysis. Finally, we will
finish our works with a brief discussion in Sec.5.
Note added At the final stage of this work, we noticed that there were some overlaps in
Ref. [51] for calculating the three-point correlation function of the dyonic magnon .
2 Dyonic string on AdS5 × S3
Consider a solitonic string moving in AdS5×S3, which is a subspace of AdS5×S5. In the global
patch, while the dyonic string rotates on S3 it is located at the center of AdS space, which is
dual to the dyonic magnon or spike of the dual spin chain model. In the Poincare patch, the
dyonic string moves as a point particle in AdS bulk. In the AdS5×S3 space having the following
Euclidean metric
ds2 =
R2
z2
(
dz2 + dx2
)
+R2
(
dθ2 + sin2 θ dφ21 + cos
2 θ dφ22
)
, (3)
the action describing the motion of the dyonic string becomes
Sst =
T
2
∫
d2σ
(
1
z2
{
(∂τx)
2 + (∂τ z)
2
}
+ (∂τθ)
2 − (∂σθ)2 + sin2 θ
{
(∂τφ1)
2 − (∂τφ1)2)
}
+cos2 θ
{
(∂τφ2)
2 − (∂τφ2)2
} )
, (4)
where the string tension T is related to the t’ Hooft coupling like
T ≡ 2g =
√
λ
2π
. (5)
In the above, since the string moves as a point particle in the AdS space, we take z and x as a
function of τ only.
The solutions describing the motion of the string in the AdS part are given by
z(τ) =
R
cosh κτ
x(τ) = R tanhκτ + x0, (6)
which are the specific parametrization of a geodesic (x(τ)− x0)2 + z(τ)2 = R2 in AdS. After
substituting the above solution into the AdS part action we obtain
SAdS =
T
2
∫ s/2
−s/2
dτ
∫ L
−L
dσ
1
z2
(x˙2 + z˙2) = κ2sLT. (7)
By imposing the boundary conditions
(x(−s/2), z(−s/2)) = (0, ǫ) and (x(s/2), z(s/2)) = (xf , ǫ) (8)
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where ǫ is a very small number corresponding to the appropriate UV cut-off, we can find
κ ≈ 2
s
log
xf
ǫ
(9)
with xf ≈ 2R ≈ 2x0.
Now, we consider the motion of the dyonic string rotating on S3. To describe this dyonic
string, we choose the following ansatz
θ = θ(y), φ1 = ν1τ + g1(y), and φ2 = ν2τ + g2(y) (10)
with
y = aτ + bσ. (11)
Since there exist two rotation symmetries in the φ1- and φ2-directions, the equations of motion
for them are simply reduced to the total derivative forms
0 = ∂y
[
sin2 θ
(
aν1 + (a
2 − b2)g′1
)]
,
0 = ∂y
[
cos2 θ
(
aν2 + (a
2 − b2)g′2
)]
. (12)
where the prime stands for the derivative with respect to y. Then, g′1 and g
′
2 can be easily
expressed by functions of θ
g′1 =
1
b2 − a2
(
aν1 − c1
sin2 θ
)
, (13)
g′2 =
1
b2 − a2
(
aν2 − c2
cos2 θ
)
, (14)
where c1 and c2 are two integration constants.
The equation of motion for θ, after multiplying 2θ′, can be put into the following form
0 = ∂y
(
θ′2 +
1
(b2 − a2)2
(
b2(ν21 − ν22) sin2 θ +
c21
sin2 θ
+
c22
cos2 θ
))
, (15)
from which we also reexpress θ′ in terms of θ
θ′2 = − b
2(ν21 − ν22)
(b2 − a2)2 sin2 θ
(
sin4 θ − w
2 sin2 θ
b2(ν21 − ν22)
+
c21
b2(ν21 − ν22)
+
c22 tan
2 θ
b2(ν21 − ν22)
)
, (16)
where w
2
(b2−a2)2 is introduced as another integration constant.
Notice that in the above there are three equations of motion for θ, φ1 and φ2, so that we
should generally determine six integration constants by imposing six boundary conditions. Here,
our aim is to find the dispersion relation of the dyonic string, which is described by the three
conserved quantities including one derivative. So, if we know three integration constants c1,
c2 and w, we can exactly determine the dispersion relation of the dyonic string solution. As a
result, only three boundary conditions are required to determine the dispersion relation of the
dyonic string and the other three integration constants are irrelevant.
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3 Dyonic magnon
In this section, we will investigate the dyonic magnon solution, which corresponds to the bound
state of magnons in the dual gauge theory. To find the dispersion relation of the dyonic magnon,
we should first fix three integration constants, c1, c2, and w. To give the correct boundary
conditions for dyonic magnon, we should know the typical structure of the dyonic magnon’s
dispersion relation. Usually, in the infinite size limit (θmax =
pi
2 or L → ∞) the energy E and
the first angular momentum J1 have the infinite values. On the other hand, the difference of them
E − J1, proportional to the string world momentum p, and the second angular momentum J2
are finite. In the infinite size limit, we should set c2 = 0 to make the second angular momentum
J2 finite. If not, g
′
2 in (14) diverges at θmax =
pi
2 . The other boundary conditions for θ and φ1
are the same as ones of the magnon case [12], in which the solitonic string rotates on S2. This
implies that when setting ν2 = 0 the dyonic magnon rotating on S
3 is reduced to the magnon
on S2.
For θ, we impose that there exists a maximum value θmax where θ
′
max = 0. Then, (16) can
be rewritten as
θ′2 =
b2(ν21 − ν22)
(b2 − a2)2 sin2 θ
(
sin2 θmax − sin2 θ
) (
sin2 θ − sin2 θmin
)
, (17)
with
sin2 θmax + sin
2 θmin =
w2
b2(ν21 − ν22)
,
sin2 θmax · sin2 θmin = c
2
1
b2(ν21 − ν22)
. (18)
Imposing the boundary condition for φ1, ∂σφ1 = 0 at θmax, to (13) gives rise to
sin2 θmax =
c1
aν1
. (19)
Substituting this result into (16), we can determine the integration constant w2 as
w2 =
b2c1
aν1
(ν21 − ν22) + aν1c1, (20)
which means that sin2 θmin is given by
sin2 θmin =
aν1c1
b2(ν21 − ν22)
. (21)
From now on, we consider the infinite size limit only, where θmax =
pi
2 and c1 = aν1 from
(19), so the minimum value of θ in the this limit is reduced to
sin2 θmin =
a2ν21
b2(ν21 − ν22)
. (22)
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In the above, since 0 < sin2 θmin < 1, we can see that at least ν1 > ν2 and b > a where we
assume that all parameters are positive.
3.1 Two-point correlation function
After convolution with the relevant wave function by following ref.[?], the new action in the
infinite size limit L→∞ is given by
S¯ = SS3 −Πθθ˙ −Πφ1φ1 −Πφ2φ2
= −T
2
∫ s/2
−s/2
dτ
∫ L
−L
dσ ν21 ≡ −ρ2sLT, (23)
where the energy of the solitonic string rotating on S3 can be defined by the integration of ρ
E ≡ T
∫ L
−L
dσ ρ
= 2T
(b2 − a2)ν1
b2
√
ν21 − ν22
∫ pi/2
θmin
dθ
sin θ
cos θ
1√
sin2 θ − sin2 θmin
. (24)
In the second line in (24), the energy is expressed by the integration of the target space variable
θ and the infinite size limit L → ∞ corresponds to taking θmax → pi2 , which means that the
dyonic magnon in the dual gauge theory has an infinite size.
Combining (7) and (23) together with (9), the total action for the dyonic magnon becomes
iStot ≡ i(SAdS + S¯) = i
(
4
s2
log2
xf
ǫ
− ρ2
)
sLT. (25)
Then, the saddle point of the modular parameter s is given by
s¯ = −i2
ρ
log
xf
ǫ
. (26)
At this saddle point, κ and ρ are related by κ = iρ and the semi-classical partition function of
the dyonic magnon is reduced to
eiStot =
(
ǫ
xf
)2E
, (27)
where the energy E is mapped to the conformal dimension of the dyonic magnon. In terms of
other variables, J1, J2 and angle difference ∆φ which is identified with the string worldsheet
momentum p,
J1 = T
∫ L
−L
dσ sin2 θ∂τφ1 = E − 2Tν1√
ν21 − ν22
∫ pi/2
θmin
dθ
sin θ cos θ√
sin2 θ − sin2 θmin
,
6
J2 = T
∫ L
−L
dσ cos2 θ∂τφ2 =
2Tν2√
ν21 − ν22
∫ pi/2
θmin
dθ
sin θ cos θ√
sin2 θ − sin2 θmin
,
|∆φ| ≡ p = −
∫
dφ1 = 2
∫ pi/2
θmin
dθ
sin θmin cos θ
sin θ
√
sin2 θ − sin2 θmin
. (28)
the conformal dimension of the dyonic magnon can be represented as
E = J1 +
√
J22 + 4T
2 sin2
p
2
. (29)
This is the exactly known dispersion relation for the dyonic magnon. Especially, when we set
J2 = 1, the magnon’s anomalous dimension obtained from the spin chain model is reproduced.
Moreover, if we choose ν2 = 0, as mentioned previously, we obtain J2 = 0 and reproduce the
magnon’s dispersion relation moving on AdS5 × S2.
3.2 Three-point correlation function
Now, we consider the three-point correlation function between two dyonic magnon operators Om
and one marginal scalar operator Dχ. Following the AdS/CFT correspondence, the marginal
scalar operator is dual to the massless scalar field in the AdS bulk. If we turn on the massless
scalar field fluctuation, especially the massless dilaton field fluctuation, in the AdS bulk, then
the interaction between the dyonic string and the massless dilaton field can be described by the
Polyakov action Sp
Sp[X, s, χ] = −T
2
∫
d2σ
√−γγαβ∂αXA∂βXBGAB eχ/2, (30)
where γαβ is the worldsheet metric and X = {z, ~x} represents the coordinates of AdS. Following
Ref. [6], the three-point correlation function at the saddle point s¯ is given by [6]
〈Om(0)Om(xf )Dχ(y)〉 ≈ Iχ[X¯, s¯; y]|xf |2E , (31)
where the subscript ‘m’ means the dyonic magnon. Here, Iχ[X, s; y] is defined as
Iχ[X, s; y] = i
∫ s/2
−s/2
dτ
∫ L
−L
dσ
δSp[X, s, χ]
δχ
|χ=0Kχ(X, s; y), (32)
where Kχ(X, s; y) is the bulk-to-boundary propagator of a massless dilaton field χ in AdS [52]
Kχ(X, s; y) =
6
π2
(
z
z2 + (x− y)2
)4
. (33)
Using the action of the dyonic string, Iχ[X, s; y] can be written in terms of Sst in (4)
Iχ[X, s; y] =
i
2
SstKχ(X, s; y), (34)
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where Sst is the Polyakov action in the absence of the dilaton fluctuation. At the saddle point,
after performing the integration over the target space variable θ, we can finally obtain
Iχ[X¯, s¯; y] = −T
2
π2
| sin p2 |2√
J22 + 4T
2| sin p2 |2
x4f
y4(xf − y)4 . (35)
Therefore, the three-point correlation function becomes
〈Om(0)Om(xf )Dχ(y)〉 = −T
2
π2
| sin p2 |2√
J22 + 4T
2| sin p2 |2
1
x2E−4f y
4(xf − y)4
. (36)
Finally, we can read off the coupling
2π2aDmm = −
2T 2| sin p2 |2√
J22 + 4T
2| sin p2 |2
. (37)
In the gauge theory side, from the conformal dimension of the dyonic magnon given by
∆ = J1 +
√
J22 + 16g
2| sin p
2
|2, (38)
we can evaluate the coupling between two dyonic magnon operators and one marginal scalar
operator by the RG analysis [6]
2π2aDmm = −g2 ∂
∂g2
∆ = − 8g
2| sin p2 |2√
J22 + 16g
2| sin p2 |2
. (39)
Using (5), this result is exactly the same as the string calculation (37) in the semi-classical
limit. If we set J2 = 1, this result is reduced to the coupling of the magnon in the spin chain
model. Furthermore, we set J2 = 0 the above becomes the string moving in AdS5 × S5, which
is equivalent to the coupling between two magnon operators and one marginal scalar operator
at the large t’ Hooft coupling limit.
4 Dyonic spike
For the dyonic spike, the energy and the angle difference usually have infinite value while two
angular momenta J1 and J2 are finite. In order to describe this dyonic spike solution, we should
impose appropriate boundary conditions. We first impose c2 = 0 for finiteness of the second
angular momentum and assume that there exists a maximum value θmax with θ
′
max = 0. Second,
in order to make the first angular momentum finite we impose ∂τφ1 = 0 at θmax, which was
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also used in investigating the spike moving on AdS5 × S2 [12]. The last boundary condition,
∂τφ1|θmax = 0, determines the maximum value of θ in terms of other parameters
sin2 θmax =
ac1
b2ν1
. (40)
From (16) together with θmax, the first boundary condition, θ
′
max = 0, is satisfied as the inte-
gration constant w2 is given by
w2 =
ac1
ν1
(ν21 − ν22) +
b2ν1c1
a
. (41)
Substituting this integration constant into (16), the equation for θ can be rewritten as
θ′2 =
b2(ν21 − ν22)
(a2 − b2)2 sin2 θ
(
sin2 θmax − sin2 θ
) (
sin2 θ − sin2 θmin
)
, (42)
where θmin is given by
sin2 θmin =
b2ν21
a2(ν21 − ν22)
. (43)
Note that because 0 < sin2 θmin < 1, at least ν1 > ν2 and a > b when we assume that all
parameters are positive.
4.1 Two-point correlation function
Following the same procedure in the previous section, we first calculate convoluted action for
the dyonic spike S¯, which is
S¯ = −T
2
∫
d2σ
b2
a2
ν21 ≡ −
T
2
∫
d2σ ρ2. (44)
Then, we can reobtain the same expressions for the saddle point (26) and the semi-classical
partition function (27). For dyonic spike, the various conserved charges, the energy, angular
momenta and angle difference, are given by
E = T
∫ L
−L
dσ ρ =
2Tν1(a
2 − b2)
ab
√
ν21 − ν22
∫ pi/2
θmin
dθ
sin θ
cos θ
1√
sin θ − sin2 θmin
,
J1 = T
∫ L
−L
dσ sin2 θ∂τφ1 = − 2Tν1√
ν21 − ν22
∫ pi/2
θmin
dθ
sin θ cos θ√
sin θ − sin θmin
,
J2 = T
∫ L
−L
dσ cos2 θ∂τφ2 = − 2Tν2√
ν21 − ν22
∫ pi/2
θmin
dθ
sin θ cos θ√
sin θ − sin θmin
,
|∆φ| ≡ p = −
∫
dφ1 =
E
T
− 2
∫ pi/2
θmin
dθ
cos θ sin θmin
sin θ
√
sin2 θ − sin2 θmin
. (45)
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From these definitions of the conserved charges, we can rewrite the dyonic spike’s energy in
terms of other quantities, which gives the dispersion relation of the dyonic spike
E = T |∆φ|+ 2T θ˜, (46)
with
θ˜ ≡ π
2
− θmin = arcsin
√
J21 − J22
2T
. (47)
If we set ν2 = 0, then J2 vanishes and the above dispersion relation is reduced to one for the
spike moving on AdS5 × S2.
4.2 Three-point correlation function
Let us now consider the three-point correlation function between two single dyonic spike opera-
tors Os and one marginal operator Dχ which is dual to a massless dilaton field χ. We first insert
the dyonic spike solution into the string action and perform the integration at the saddle point
where κ = iρ is valid,
Sst =
T
2
∫ s¯/2
−s¯/2
dτ
∫ L
−L
dσ 2b2
(
ν21 − ν22
a2 − b2 cos
2 θ − ν
2
1
a2
)
=
∫ s¯/2
−s¯/2
dτ
(
−ρE + 2T
√
ν21 − ν22 cos θmin
)
(48)
Then, we can obtain
Iχ[X¯, s¯; y] =
3i
π2
SstKχ(X, s; y)
=
1
2π2
(
−1
2
T |∆φ| − T θ˜ + T tan θ˜min
)
x4f
y4(xf − y)4 , (49)
and the three-point correlation function between two dyonic spike operators Os and a marginal
scalar operator becomes
〈Os(0)Os(xf )Dχ(y)〉 = 1
2π2
(
−1
2
T |∆φ| − T θ˜ + T tan θ˜min
)
1
x2E−4f y
4(xf − y)4
. (50)
Finally, we read off the coupling
2π2aDss = −1
2
T |∆φ| − T θ˜ + T tan θ˜min . (51)
Using the RG analysis, we can also calculate the coupling in the gauge theory side
2π2aDmm = −g2 ∂
∂g2
E = −T
2
∂
∂T
(
T |∆φ|+ 2T arcsin
√
J21 − J22
2T
)
= −1
2
T |∆φ| − T θ˜ + T tan θ˜min, (52)
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which is exact same as (51) obtained from semi-classical string calculation. The above can be
also reduced to the spike moving on AdS5 × S2 in the limit of J2 = 0.
5 Discussion
In this paper, we investigated the dyonic string in the infinite size limit moving in AdS5 × S3,
which has three conserved quantities, E, J1 and J2. In the parameter region a < b, if imposing
that J2 is finite, the dyonic string is dual to the dyonic magnon of the gauge theory which
describes the bound state of magnons. Following the Janik’s proposition, we reproduced the
known dispersion relation of the dyonic magnon. In addition, we calculated the three-point
correlation function between two dyonic magnons and one marginal operator and showed that
the coupling of them in the string set-up is exactly the same as one obtained by the RG analysis
in the gauge theory side. Furthermore, if we set ν2 = 0, J2 becomes zero and the results of the
dyonic string is reduced to ones of the string moving in AdS5 ×S2. Especially, if we set J2 = 1,
the results of the dyonic string can exactly describe ones of the magnon in the spin chain model
in the arbitrary t’ Hooft coupling.
We also investigated the two- and three-point correlation functions of the dyonic string for
a > b, in which the dual object is the dyonic spike. After some calculation, we reproduced the
known dispersion relation of the dyonic spike and calculated the coupling between two spikes
and one marginal operator. As we expected, the coupling in the string calculation coincide with
the result of the gauge theory.
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